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Abstract. A notion of indicator for a plurisubharmonic function u of logarithmic 
growth in C n is introduced and studied. It is applied to evaluation of the total Monge- 
Ampere measure (dd c u) n (C n ). Upper bounds for the measure are obtained in terms of 
growth characteristics of u. When u = log |/| for a polynomial mapping / with isolated 
zeros, the indicator generates the Newton polyhedron of / whose volume bounds the 
number of the zeros. 

1 Introduction 

We consider plurisubharmonic functions u of logarithmic growth in C n , i.e. satisfy- 
ing the relation 

u(z) <Cilog + |z| + C 2 (1) 

with some constants Cj = Cj(u) > 0. The class of such functions will be denoted by 
£(C n ) or simply by C. (It is worth mentioning that in the literature the notation 
C is used sometimes for the class of functions satisfying ([[]) with C% — 1; for our 
purposes we need to consider the whole class of functions of logarithmic growth, 
and denoting it by C we follow, for example, [T3|, It is an important class 



containing, in particular, functions of the form log|P| with polynomial mappings 
P : C" -> C^. Various results concerning the functions of logarithmic growth 
can be found in |K)|]-[|14|], HOI' 0' see a ^ so ^ ne references in and 0. For general 



properties of plurisubharmonic functions and the complex Monge- Ampere operators, 
we refer the reader to [II], [IIJ, ||, and 0. 



A remarkable property of functions u G £ is finiteness of their total Monge- 
Ampere measures 

M(u; C n ) = [ (dd c u) n < oo 

as long as (dd c u) n is well defined on the whole C n ; we use the notation d = d+d, d c = 
(d — d)/27ri. Moreover, the total mass is tied strongly to the growth of the function. 
For example, if 

log + \z\ + c < u(z) < log + \z\ + C, (2) 

then M(u; C n ) = M(log \z\; C n ) = 1. The objectives for the present paper is to 
study M(u; C n ) when no regularity condition on u like (0) is assumed. In case of 
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u = log \P\ with P : C n — > a polynomial mapping with isolated zeros, M(w; C n ) 
equals (if N = n) or dominates (if N > n) the number of the zeros counted with 
their multiplicities. 

If u = v near the boundary of a bounded pseudoconvex domain Q, then 

{dd c u) n = f {dd c v) n , 



so the total measure M(u; C n ) is determined by the asymptotic behavior of u at 
infinity. For its evaluation we thus need precise characteristics of the behavior. The 
basic one is the logarithmic type 

I \ 1- U { Z ) /o\ 

a{u) = hmsup — . (3) 

z^oo log Z 



Another known characteristic is the logarithmic multitype (<ji(m), . . . , a n (u)) ||14j| : 

ai(u) = sup {cri(«; /) : ^ G C^ 1 } (4) 

where o"i(m;z') is the logarithmic type of the function Ui jZ r(zi) = u(zi,z') G C(C) 
with z' G C n ~ 1 fixed, and similarly for o~2{u) , . . . , a n (u) . For example, if P is a 
polynomial of degree dk in z k , then Ofc(log |P|) = d k . 

Due to the certain symmetry between the behavior of u G £ at infinity and 
the local behavior of a plurisubharmonic function at a fixed point of its logarithmic 
singularity, the type a{u) can be regarded as the Lelong number of u at infinity: 

a(u) = u(u, oo). (5) 

One can also consider the directional Lelong numbers at infinity with respect to 
directions a = (a%, . . . , a n ) G R" : 

u(u, a, oo) = limsup , (6) 

where 

S a (z) = sup a^ 1 log \z k \. (7) 
fe 



In ||17|| , the residual Monge- Ampere measure of a plurisubharmonic function u 
at a point x G C n , (dd c u) n |{a:}, was studied by means of the local indicator of u at 
x. Using the same approach, we introduce here a notion of the indicator of u G C: 

^u,x{y) = lim -R -1 sup{w(z) : \z k - x k \ < \yk\ R , 1 < k < n}. 

It is a plurisubharmonic function of the class C which is the (unique) logarithmic 
tangent to u at x, i.e. the weak limit in L\ oc (C n ) of the functions m~ x u[x\ + 
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y™, . . . ,x n + y™) as m — > oo (Theorem |2|). The above characteristics of u can be 
easily expressed in terms of its indicator (see Proposition [3D; moreover, it controls 
the behavior of u in the whole C n (Theorem [I]): 

u(z) < i£? u , x (x - x) + C x Vz G C n . 

If (dd c u) n is defined on C n , the indicator also controls the total Monge- Ampere 
mass of u (Theorem ^): 

M(u;C n ) <M(^ x ,C n ). (8) 

Since *f? u ,x(y) — ^u,x(\yi\, ■ ■ ■ , \yn\), the evaluation of its mass is much more easy 
than that for the original function u. It gives us, in particular, the bounds 

M{u . cn) < H^ooT VaGR „ 

ai . . . a n 

(Theorem ||) and 

M(u;C n ) <n\<n («)... a n {u) 

(Theorem ^). A particular case of the latter result (when u is the logarithm of 
modulus of an equidimensional polynomial mapping with isolated zeros of regular 
multiplicities) was obtained in |15| |. 

In Theorems || and [7] we give a geometric description for the mass of an indicator. 
Denote ip u , x {t) = # u>a; (e*V . . ,e*»), t = (t u . . . ,t n ) G K n , and 

Ou,x = {a G R n : (a,t) < Vt G R n }. 

Then 

M(^;C") =n!yoZ(e u ^). (9) 

When u = log \P\ with P a polynomial mapping, the set Uj o is the Newton polyhe- 
dron for P at infinity (see, for example, ||), i.e. the convex hull of the set ujq U {0}, 

= {s G Zl : £ 

j 

and so the right-hand side of ([|) is the Newton number of P at infinity. Therefore, a 
hard result due to A.G. Kouchnirenko on the number of zeros of an equidimensional 
polynomial mapping |7j follows directly from (H) and (H). 

2 Indicators as growth characteristics 

Let u be a plurisubharmonic function in C n . Given x G C™ and t G R™, denote by 
g(u,x,t) the mean value of w over the set T t (x) = {z G C n : — = e' fc , 1 < 
k < n}, and by g'(u, x, t) the maximum of u on 7t(x). 



dz s 
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Proposition 1 Let u G £, x G C n . Then for every t G R n the following limits 
exist and coincide: 

lim R g(u,x, Rt) = lim R~ l g' \u,x, Rt) =: ip u ,x(t) < oo. 

R— >+oo i?^+oo 

Moreover, if g'(u, x, 0) < ; t/ie common limit ip u ,x(t) is obtained by the increasing 
values. 



Proof. For a; G C n and t G R n fixed, the function f(R) '■— g(u,x,Rt) is convex 
on R and has the bound f(R) < C1-R + C2 Vi? > with some Ci, C2 > 0. Therefore, 
for all Ro G R, the ratio 

f(R) - fW (10) 

R — Rq 

is increasing in R > Rq and bounded and thus has a limit as R — > +00. It implies the 
existence of g(u,x,t) = \im R ^ +QO R~ x g(u, x, Rt). In the same way we get the value 
g'(u,x,t) = \im R ^ +OQ R~ l g'{u, x, Rt). Evidently, g(u,x,t) < g'(u,x,t), and the 
standard arguments using Harnack's inequality give us g(u,x,t) = g'(u,x,t). The 
last statement of the proposition follows from the increasing of with Rq = 0. 

Now we proceed, as in [17], to a plurisubharmonic characteristic of growth for 



u G C. Denote C* n = {z G C n : z x . . . z n ^ 0}. The mappings Log : C* n -> R n 
and Exp : R n — > C* n are defined as Log(z) = (log \zi\, . . . , log \z n \) and Exp(t) = 
(expti, . . . ,expt n ), respectively. Let C c be the subclass of C formed by n-circled 
plurisubharmonic functions u, i.e. u(z) = u(\zi\, . . . , \z n \). By £(R n ) we denote the 
class of functions f(t), t G R ra , which are convex in t, increasing in each t)~ and such 
that there exists a limit lim T ^ +00 T _1 (^(T, . . . ,T) < 00. 

The mappings Exp and Log generate an isomorphism between the cones C c and 
£(R n ) (0, Th. 1): u £ jC c "<==>• Ea;p*M G £(R n ), G £(R n ) Lo^*/i extends 

to a (unique) function from the class C c . Given u G C c , the function Exp*u will be 
referred to as the convex image of u. 

\i h = Exp*u G £(R n ) satisfies the homogeneity condition 

h(ct) = ch(t) Vc > 0, Vi G R n , 

the function k will be called an indicator. We denote the collection of all indicators 
by X. It is easy to see that any indicator \1/ satisfies \l/ < in the unit polydisk 

D = {z G C n : \z k \ < 1, 1 < k < n} 

and \l> > in 

D- 1 = { z eC n : \z k \ > 1, 1 < k < n} 

if * ^ 0. 
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Clearly, the function ip u>x defined in Proposition [I] belongs to the class £(R n ), 
so Log*ip u ,x extends to a function ^ u ,x G £ c : 

*«,a«(y) =^,x(log|?/i|,...,log|?/ n |), y G C* n . 

Moreover, G 1. We will call it the indicator of u G £ at x. 

The restriction of ^ UjX to the polydisk D coincides with the local indicator of 
u at x introduced in ||17|| . In particular, ty UiX = in D if and only if the Lelong 
number of u at x equals 0. Besides, the directional Lelong numbers of *& U)X at are 
the same as those of u at x. 

Proposition 2 Let $ G 1, then 

(a) <£> is continuous as a function C n — > R U {— oo}; 

(b) ^$,x(y) = ®(y) where y k = sup {\y k \, 1} if x k ^ 0, and y k = y k otherwise. 

Proof, (a) Since Exp*<5> G C(R n ), $ G C(C* n ). Its continuity on C n can 
be shown by induction in n. Let it be already proved for n < I (the case n — 1 is 
obvious). Consider any point z° G C /+1 with z° = for some j. If <3>(z°) = — oo, then 
Q(z s ) — ► — oo for every sequence z s —>■ z°. If $(2;°) > —00, consider the projections 
z s of z s — >■ to the subspace Lj = {26 C /+1 : = 0}: Zj = and = ^ Vm 7^ j. 
Since <&|x,. ^ —00, the induction assumption implies — > Therefore, 
liminf $(2 S ) > liminf$(5 s ) = that proves lower semicontinuity of $ at z° 

and thus its continuity. 

(b) For any t G R n and R > 0, 

iTY($, a;, itt) = iT^flxil + e ffil ,...,|x n | +e ffi ") 

= $([|a;i| + e** 1 ] 1 /* . . . , [|z n | + e m "} 1/R ). 

The argument + e Rtk ] 1 ^ R tends to expjt^ } if x k 7^ 0, and to exp{t k } otherwise, 
so the statement follows from (a). 

The growth characteristics ([3]), (|), @ of functions u & C can be expressed in 
terms of the indicators. We will use the following notation: 

1 = (1,...,1), 1 1 = (1,0,...,0), 1 2 = (0,1,0,...,0), ...,l n = (0,...,0,l). (11) 

Proposition 3 (a) v{u,oo) = u(^ UjX ,oo) — ip UjX (l); 

(b) u(u, a, 00) = u(^ UjX , a, 00) = if) U)X (a) Va G R+; 

(c) a k (u) = o- k (^ UyX ) = ipuAW, k = l,...,n. 
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Proof. The relation v(u, a, oo) = ip u ,x{o) follows directly from the definition of 
if) u ,x- The equalities u{u, oo) = ijj UjX {l) and o~k{ u ) — i^u,x{^-k) are proved in Theorems 
1 and 2 of ]H|] . Being applied to the function instead of w, they give us the 
first equalities in (a) -(c) in view of Proposition |2]. The proof is complete. 



Theorem 1 Let u G C, x G C n . TTien 

u{z) < ^ u , x (z - x) + C VzGC" (12) 

with C = g'(u,x,0). Moreover, ty UjX is the least indicator satisfying ftjj^ ) with some 
constant C . 

Proof. By Proposition [1], 

g'(u,x,Rt) < R^ UtX {t) + g'(u,x,0) VP > 0, Vt G R n , 

that implies (|I2]) since -u(;z + x) < g'(u, x, Log(z)). 
If $ G X satisfies u(z) < §(z - x) + C, then 

the latter equality being a consequence of Proposition 0. The theorem is proved. 

The indicator ty u>x can be easily calculated in the algebraic case, i.e. when u is 
the logarihm of modulus of a polynomial mapping. Recall that the index I(P, x, a) 
of a polynomial P at x G C n with respect to the weight a G R™ is defined as 

I(P, x, a) = inf {(a, J) : J G u x } 

where 

oo x = {JeZ n + : 0(^0} 

(see e.g. 0). For any t G R n we define 

I up (P, x, t) = sup {(t, J) : J G c^J, (13) 

the upper index of P at s G C n with respect to i G R n . Clearly, I up (P,x,t) = 
-I(P, x, -t) for all t G -R r ^. 

Proposition 4 Let u = log \P\, P : C n — > C fremg a polynomial. Then 
^uAt) = A P (P x, t) Vi G R n , Vr G C n . 
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Proof. Let 

P(z) = J2 cj(z-x) J 

and d = I up (P, x, t), so bj := (t, J) — d < VJ G Then 

R~ 1 gf(u,x,t) = d + R* 1 sup {\og\J2 Cjexp[Rbji(9, J)]\}. 

8 J 

Since there exists J G w-j with 6j = 0, the second term here tends to as R — > +oo, 
and the statement follows. 

Proposition 5 Let u±, . . . , u m G C, u = sup fc Uk, v = exp-u^. Then 

^u,x = ^v,x = SUp ^u k ,x- 
k 

Proof. Since u > u k , we have *& U)X > sup fc ^ Uk ,x- On the other hand, by Ql2"D , 
u(z) < sup {^ Uk ,x + C k } < sup ty Uk jX + sup C k , 

k k k 

and the equality *ff UtX = sup fc ^ Uk ,x results from Theorem |l|. 
Similarly, the relations ty VjX > ^u,x aud 

v(z) < log^ exp[fy UktX (z -x)+ C k \ < ^> U)X (z - x) + m + sup C fc 

imply ty UjX = ty v , x , and the proof is complete. 
As a corollary of Propositions |4] and [| we get 

Proposition 6 Let 

i m 

u = -\ogY / \Pk\ q 

wit/i Pi, . . . , P m polynomials and q > 0. T/ien ip u>x {t) = sup fc I up (P kl x, t). 

The indicator ^ W)X can be described as a tangent (in logarithmic coordinates) to 
the original function u G C. For z G C n and m 6 N, we set z m = (z™, . . . , z™) and 
define the function 

(T mjX u)(z) = m~ x u(x + ^ m ) G £. 
Theorem 2 — > \& U)a; in Lj oc (C n ) as m — ► +oo. 
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Proof. First, the family {T mtX u} m is relatively compact in L\ oc {C, n ). Really, (|T2| ) 
implies 

{T m!X u) (z) < V u , x {z -x)+ m- l C Vm. (14) 

Therefore, the family is uniformly bounded above on each compact subset of C n . 
Besides, g(T m jX u, 0, 0) = m~ l g{u,x, 0) — > and hence g(T mjX u, 0,0) > —1 for all 
7n > mo, and the compactness follows. 

Now let v be a partial weak limit of T mtX u, i.e. T matX u — > t> for some subsequence 
m a . By (0), 

u < (15) 
On the other hand, the convergence of T msjX u to v implies 

g(T ms)X u,0,t)^g(v,0,t) Vt G R". 

At the same time, by the definition of ip U}X , 

g(%n 3 , x u, 0, t) = m~ l g(u, x, mt) -t ip u>x {t) Vi G R", 



so g(v,0,t) = ip U)X (t) and thus g(v,0,t) = g(^f U:X ,0,t). Being compared to ( p~5|) it 
gives us u = ^a;, that completes the proof. 

We conclude this section by studying dependence of Hf u>x on x. 
Proposition 7 Let u E C Then 

(a) V u (z) := sup{^ u>x (z) : x E C n } E C; 

(b) for any z E C n , ^ u>x (z) = ^ u { z ) f or a ^ x £ C n \ E z , E z being a pluripolar 
subset of C n ; 

(c) for any z E D~ l , ^ UyX {z) = ^ u {z) for all x E C n ; 

(d) ^u(z) > \/z E C", m u = in D. 

Proof. Since u E C, there is a constant A > such that u(z) < A S + (z) Wz E C", 
where S + (z) = Si(z) = sup fc log + \zk\- 

We fix a point z E C" and consider the function 

ur(x) = R^ 1 g'(u,x,RLog(z)), R>0. 

It is plurisubharmonic in C™, and 

u R (x) < R^AS+dxil + \zi\ R ,...,\x n \ + \z n \ R ). 
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Therefore, the family {w_R}i?>i is uniformly bounded above on compact subsets of 
C n , and 

Moo(x) := limsupw^x) < AS + {z) Vx G C n . (16) 

+00 

Its regularization u^ xi {x) = limswp y _^. x u^y) is then plurisubharmonic in C n and 
bounded and so u*^ = const. We have u^x) < u^x) for all x G C n with the 
equality outside a pluripolar set E z C C n . We observe now that Woo(^) = ^^(z) 
and u^ix) = *f? u (z), so f&J is proved. 
Let z^' — > z, then the set 

00 

E = |J U ^ 

i=i 

is pluripolar. For x G C n \ E, 

= = lim tt tt)X (z&'>) = lim # u (z (j '>), 

j— >oo j— >oo 

that proves continuity of Therefore, ty u = \P* is plurisubharmonic and belongs 
to £ in view of fllEp, that gives us (a). 

If x, y G C" and a G R" , we have for any e > 0, g'(u, x, Ra) < g'(u, y, (l + e)Ra) 
for all R > Ro(e,x,y), so ijj u ,x{a) < i>u,y( a ) that implies (c). 

Finally, (d) follows from the relation ^ u ,x\d = provided u(u, x) = 0. 



3 Monge- Ampere measures 

Now we pass to study the Monge-Ampere measures of functions u G C We can 
benefit by the plurisubharmonicity of the growth characteristic *ff u as well as by its 
specific properties established in the previous section. 

Any indicator $ belongs to L^ c (C* n ), so (dd c §) n is well defined on C* n . If 
$ G L^ c (C n \ {0}), then (dd c &) n is defined on the whole space C n ; the class of such 
indicators will be denoted by Z . 

Let T denote the distinguished boundary {z G C n : \zi\ = . . . = \z n \ = 1} of the 
unit polydisk D. 

Proposition 8 Let $ G X. Then 

(a) (dd c <$>) n = on C* n \ T; 

(b) if $ G 1 , then (dd c $) n = t^5(0) +r£dm T where t^,t£ > 0, 5(0) is the 
Dirac measure at 0, and drriT = (27r)~ n d8i . . .d6 n is the normalized Lebesgue 
measure on T . 
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Proof, (a) It suffices to show that for every y G C* n there exists an analytic 
disk 7 y containing y such that the restriction of $ to ^ y is harmonic near y (Q, 
Lemma 6.9). Let y = (\yi\e ldl , . . . , |y n |e l6ln ) G C* n . Consider the mapping A y : C — > 
C n given by 

x y (C) = (\yi\ <: e w \...Ayn\ ( e^); 

note that A y (l) = y. Since y G C* n \ T, A a is not constant. Set A = {( G C : 
|C - 1| < 1/2} and 7 y = A 1/ (A) C C* n . Then $(A y (C)) = Re C • $(Aj,(l)), so the 
restriction of $ to 7 y is harmonic. 

(b) follows from (a) since locally plurisubharmonic functions cannot charge 
pluripolar sets and $(?/) is independent of arg?/ fc , 1 < k < n. 

We will say that the unbounded locus of u G PSH(C n ) is separated at infinity if 
there exists an exhaustion of C" by bounded pseudoconvex domains Qf. such that 
inf {u(z) : z G <9fifc} > — oo for each k. The collection of all functions mg£ whose 
unbounded loci are separated at infinity will be denoted by £*. By 0, Corollary 2.3, 
the Monge- Ampere current (dd c u) n is well defined on C n for any function u G £*. 
Note also that G Xo Vx G C n for any u G £*. 

We are going to compare the total Monge- Ampere mass 

M(u; C n ) = I (dd c u) n 
of a G with that of its indicator. The key result is the following comparison 



theorem (which is actually a variant of B.A. Taylor's theorem pi 
Theorem 3 Let u, v G £*, v > outside a bounded set, and 

limsup — — — < 1 Wt] > 0. 

z^oo v(z) + 7] log \z\ 

Then M{u;C n ) < M(v;C n ). 

Proof. By the definition of the class there exist numbers < mi < m 2 < . . . 
such that u(z) > —m k near dfl k , {^k} being the pseudoconvex exhaustion of C n . 
Let w(z) = sup {u(z), —m k } for fl k \Q k _i (assuming Q = 0), then w G £nL^ c (C n ) 
and satisfies the same asymptotic relation at infinity as u does. Besides, 

{dd c u) n = j {dd c w) n Vk, 
so 

M(u;C n ) = M(w;C n ). (17) 

Denote ^(z) = v + (z) + r\ log + \z\ y rj > 0. Let e > and C > 0, then w(z) < 
(1 + e)v v — 2C for all z G C n \ 5 Q with B a a ball of the radius a = a(r],C,e). 
Therefore, 



E(r), C, e) := {z G C ra : (1 + e)v„ - C < «;(*)} CC B a . 
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By the Comparison Theorem for bounded plurisubharmonic functions, 

/ (dd c w) n < [ (dd c [(l + e)v„ - C]) n < (1 + e) / (dd c v v ) n - (18) 

JE(r),C,e) JE{r),C,e) JC™ 

For any compact K C C n one can find C > such that K C E(j],C,e), so ( |TE| ) 
gives us 

M{w-C n ) < (l + e)M(^;C n ). 

Since v v decreases to v + as r\ — > and in view of the arbitrary choice of e, we then 
get 

M(w; C n ) < M(v + ; C n ) = M(v; C n ), 
which by ([17]) completes the proof. 

As an immediate consequence we have 

Theorem 4 For any w e £* 7 

M(u; C n ) < M(* UiX ; C n ) < M(V U , C n ). 

To get effective bounds for M(u; C n ), we estimate the Monge- Ampere masses of 
the indicators. 

Proposition 9 Let $ G J, z° G D' 1 . Then 

Hz) < Hz ) sup l ° g+ } z *} \/z G C n . 

k log 

Proof. Denote ip = [Q(z°)]~ 1 Exp*$>, a = Log(z°) G R™. It suffices to prove the 
relation ip{t) < s+(t) for all t with \t k \ < a kl 1 < k < n; here s a = Exp*S a with S a 
defined in (|7p, so s+(t) = sup fc t k /a k . 

We fix such a point t and denote a = s+(t) < 1, /? = (1 — a) -1 > 1. Consider 
the segment / 4 = {a + A (t — a) : < A < (3} C R n ; observe that 

«fc + (<fc - a k ) = (3 a k (t k a k 1 - a) < 0, 1 < fe < n. (19) 

Let m(A) be the restriction of ip to l t , v(X) = (a — 1)A + 1. The function u is convex 
on l t , and v is linear. Besides, u(0) = v(0) = 1, v(/3) = 0, and u(/3) < in view of 
(P~9|) . Therefore, u < v on l t . In particular, ^(t) = u(l) < v(l) = s^(t), and the 



proposition is proved. 
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Theorem 5 Let $ G X , z° E D~ x . Then 



M ($; C n ) < 



log |^i| . . . log |# 
In particular, for any u E C, 



i " 



M(^;C")< KM ' a '°° )]r Va G R™. 
ai . . . a n 

Proof. The first relation follows from Proposition |9] and Theorem since (taking 
a = Log(z°) E R") 

M(#; C n ) = M(S a , C") = [log |*°| ... log l^l]- 1 . 

The second inequality results now from Proposition |3| (b ). 

We can give a geometric interpretation for the total Monge-Ampere masses of 
indicators, which in many cases leads to their exact calculation. 
Let $ G X, <p = Exp*§. Denote 

0+ = { a E R n : (a, t) < (p+(t) Vt G R n }. 



Proposition 10 is a convex compact subset o/R" ; 0$ C {a E R n : < < 
<P + (U), l<k<n}. 

Proof. Convexity of 6$ is evident. Further, if a E 0$, then (a, ±lfc) < y? + (±lfc), 
lfe being defined by ( p]) , and the statement follows because <£> + (— Ifc) = 0. 

By Vol(P) we denote the Eucledean volume of P C R n . 
Theorem 6 For any $ G Xo, 

M($;C") = n!Vo/(e£). 

Proof. By Proposition 

M($; C") = M($ + ; C n ) = J {dd c ® + ) n . 

It can be easily checked that the complex Monge-Ampere operator (dd c U) n of an 
n-circled locally bounded plurisubharmonic function U is related to the real Monge- 
Ampere operator .M.A[m] of its convex image u by the equation 

/ (dd c U) n = n! / MA[u] 

JG JLog(G) 
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for every n-circled Borelean set GcC" (see e.g. |19]])- Since Log(T) = {0}, 

M ($ + ; C n ) = n\ MA[ip + ]({0}). (20) 
As was established in ||18|| , for any convex function v on a domain Q C R n , 

MA[v](F) = Vol (u(F, v)) VF c fi, (21) 

where 

co(F, v)= [J{aGR n : v(t) > v(f) + (a,t- t°) Vt G fi} 

is the gradient image of the set F for the surface {y = v(x), x G Q}. In our situation, 
it means that 

uj({0}, <p + ) = {a G R n : ^ + (t) > (a, t) Vt G R n } = 9£, (22) 
so the statement follows from (E0[)-(E2T). 



The set 0^ for $ = ^> Urr , u G £, x G C", will be denoted by 0+,., and by 6+ 
for $ = Then Theorems f| and ^ give us 

Theorem 7 For any «6£, and x G C" 7 

Af(u; C n ) < n\ Vol(e+ x ) < n! VoZ(0+). (23) 

Remark. Let it = log |F|, F = (Pi, . . . , Pv) being a polynomial mapping. By 
Proposition |6|, 

if>u,x(t) = I up {P,x,t) = sup I up (Pj,X,t), 

l<j<N 

the upper indices I up (Pj,x,t) defined by (|13|). In this case, 

Q+ x = {a G R n : (a, t) < I+(P, x, t) Vt G R"}, 

so 0^ o coincides with the Newton polyhedron for P at infinity (see Introduction). 
If N — n and P -1 (0) is discrete, then M(u; C n ) is the number of zeros of P counted 
with the multiplicities. For this case, (|23|) gives the bound due to Kouchnirenko |7j . 

Theorem |7| produces also an upper bound for M(u] C") via the multitype 
(o~i(m), . . . , a n {u)) of the function u: 

Theorem 8 Let u G £*, then 

M(u; C n ) < n\ a 1 (u) . . . a n (u) ; (24) 

in particular, 

^K? I ,x)f<n! ( T 1 ( ll )... ( T (1 (i t ). (25) 

X 

Proof. By Propositions || and [H], 0+ C {a G R" : < a fc < o k (u), I < k < n}, 
and (|2~4] ) follows from Theorem [7]. It implies ( |2"5| ) in view of the known inequality 

(dd c u) n \ {x} > [v(u,x)] n . 

Remark. It can be shown that inequality ( p4|) implies Dyson's lemma for alge- 
braic hypersurfaces with isolated singular points (see f22|). 
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